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Abstract 

We introduce two kinds of multiple little g-Jacobi polynomials pfi with multi-index 
n = (ni, n2, • • • , Ur) and degree |n| = ni + n2 + • • • + by imposing orthogonality 
conditions with respect to r discrete little (;-Jacobi measures on the exponential 
lattice {q^ , A: = 0, 1, 2, 3, . . .}, where < g < 1. We show that these multiple little q- 
Jacobi polynomials have useful g-difference properties, such as a Rodrigues formula 
(consisting of a product of r difference operators). Some properties of the zeros of 
these polynomials and some asymptotic properties will be given as well. 

Key words: (/-Jacobi polynomials, basis hypergeometric polynomials, multiple 
orthogonal polynomials 



1 Little g-Jacobi polynomials 

Little g-Jacobi polynomials are orthogonal polynomials on the exponential lattice {q^, k = 
0, 1,2,.. .}, where < g < 1. In order to express the orthogonality relations, we will use 
the g-integral 

/ /(x)rf,x=(l-g)5:gV(g'), (1.1) 
•^0 fc=0 

(see, e.g., [2, §10.1], [5, §1.11]) where / is a function on [0,1] which is continuous at 0. 

The orthogonality is given by 

1 

Pn{x; a, (3\q)x''w{x; a, /3\q) dqX = 0, /c = 0, 1, . . . , n — 1, (1.2) 







* This work was supported by INTAS Research Network 03-51-6631 and FWO projects 
G.0184.02 and G.0455.04 

Email address: {Kelly. Postelmans, Walter. VanAssche}@wis. kuleuven.ac.be (Kelly 
Postelmans and Walter Van Assche). 



Preprint submitted to J. Comput. Appl. Math. 



1 February 2008 



where 

^x;a,%)^ (1.3) 

We have used the notation 

n— 1 oo 

(a;?)n= llil-aq''), {a;q)^^ l[{l-aq''). 

k=0 k=0 

In order that the 5- integral of w is finite, we need to impose the restrictions a, (3 > 
— 1. The orthogonaUty conditions (1.2) determine the polynomials Pn{x;a, P\q) up to a 
multiplicative factor. In this paper we will always use monic polynomials and these are 
uniquely determined by the orthogonality conditions. The g-binomial theorem 

E^-" = ^. I4M<1, (1.4) 

(see, e.g., [2, §10.2], [5, §1.3]) implies that 

\imw{x;a,P\q) ^ {1 - x)^x°', < x < 1, 

q-*l 

SO that w{x;a,l3\q) is a g-analog of the beta density on [0, 1], and hence 

limp,(x;a,/3]g) = P^^)(x), 

where P^^^^i arc the monic Jacobi polynomials on [0, 1]. Little g'-Jacobi polynomials appear 
in representations of quantum SU{2) [9], [10], and the special case of little g-Legendre 
polynomials was used to prove irrationality of a g-analog of the harmonic series and 
log 2 [14] . Their role in partitions was described in [1] . A detailed list of formulas for the 
little g- Jacobi polynomials can be found in [8, §3.12], but note that in that reference the 
polynomial Pn{x;a,b\q) is not monic and that a — q°',b — q^. Useful formulas are the 
lowering operation 

1 - g" 

T^qPn{x]a,(3\q) = ^ _ ^ Pn-i{x;a+ 1,/?+ l|g), (1.5) 



where Vg is the g-difference operator 

( f{x)- f{qx) 



iixy^O, 



VJ{x) = {l-q)x ' " ^ (1.6) 
J'{0), iix = 0, 

and the raising operation 

Vp[w{x; a, (3\q)pn{x; a, (3\q)] 

= « - 1' /5 - lk)Pn+i(a;; a - 1, /3 - l|g), (1.7) 
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where p — 1/q. Repeated application of the raising operator gives the Rodrigues formula 

(— 1)"(1 — 

w{x; a, P\q)pn{x; a, p\q) = f^^^+f^+^+i. T^pW{x; a + n,p + n\q). (1.8) 

A combination of the raising and the lowering operation gives a second order q-diff'erence 
equation. The Rodrigues formula enables us to give an explicit expression as a basic 
hypergeometric sum: 



which by some elementary transformations can also be written as 



q;q 



Pn{x;a,p\q) 



q; qx 



E 



{q;q)k' 



(1.9) 



2 Multiple orthogonal polynomials 



Multiple orthogonal polynomials (of type II) are polynomials satisfying orthogonality 
conditions with respect to r > 1 positive measures [3] [4] [11, §4.3] [15]. Let //i, //2, ■ ■ ■ , 

be r positive measures on the real line and let n = {ni, n2, . . . , Ur) G be a multi-index of 
length \n\ = ni + n2 + ■ ■ ■ + nr. The corresponding type II multiple orthogonal polynomial 
Pa is a polynomial of degree < \n\ satisfying the orthogonality relations 

j Pn{x)x'' dfXjix) =0, k ^ 0,1, ... ,nj - 1, j ^ 1,2, ... ,r. 

These orthogonality relations give \n\ homogeneous equations for the \n\ + 1 unknown 
coefficients of p^j. We say that n is a normal index if the orthogonality relations determine 
the polynomial pfi up to a multiplicative factor. Multiple orthogonal polynomials of type 
I (see, e.g., [3] [11, §4.3] [4] [15]) will not be considered in this paper. Multiple little q- 
Jacobi polynomials are multiple orthogonal polynomials where the measures fii, . . . , fir are 
supported on the exponential lattice {q'^, A; = 0, 1, 2, . . .} and are all of the form d^i{x) = 
w{x; ai, f3i\q) dgX, where w{x; a, f3\q) dqX is the orthogonality measure for little g-Jacobi 
polynomials. It turns out that in order to have formulas and identities similar to those 
of the usual little g-Jacobi polynomials one needs to keep one of the parameters or /3j 
fixed and change the other parameters for the r measures. This gives two kinds of multiple 
little g-Jacobi polynomials. Note that these multiple little g-Jacobi polynomials should 
not be confused with multivariable little g-Jacobi polynomials, introduced by Stokman 
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[13]. In [12] the multiple little g-Jacobi polynomials of the first kind are used to prove 
some irrationality results for C?(l) and C?(2)- 



2.1 Multiple little q-Jacobi polynomials of the first kind 



Multiple little ^-Jacobi polynomials of the first kind pn{x', a, (3\q) are monic polynomials 
of degree \n\ satisfying the orthogonahty relations 

/ Pn{x;a,p\q)x''w{x;aj,p\q)dgX ^ 0, /c = 0, 1, . . . , rij - 1, j = 1, 2, . . . , r, (2.1) 

t/ 

where ai, . . . ,ar, (3 > —1. Observe that all the measures are orthogonality measures for 
little g-Jacobi polynomials with the same parameter /3 but with different parameters aj. 
All the multi-indices will be normal when we impose the condition that — aj ^ Z 
whenever i j, because then all the measures are absolutely continuous with respect to 
w{x; 0, (3\q) dqX and the system of functions 

™a!l ai + l ™ai+ni-l 02 ^Ct2 + 1 ^Ct2+n2-i Oir ^CHr + l ^ar+Ur-l 

•Xj ^ Jb ^ • • • ^ Jb ^ Jb ^ ^ • • • ^ Jb ^ • • • ^ Jb ^ Jb ^ • • • ^ Jb 

is a Chebyshev system on (0, 1), so that the measures (/Xi, . . . , jij) form a so-called AT- 
system, which implies that all the multi-indices are normal [11, Theorem 4.3]. 

There are r raising operations for these multiple orthogonal polynomials. 

Theorem 2.1 Suppose that ai, . . . , a^, P > 0, with ai — aj ^ Z whenever i ^ j, and put 
p — 1/q, then 

Vp [w{x; aj, /3\q)Pn{x; a, /3\q)] 

qaj+p+\n\ _ ^ 

= (1 _ g)gaj + |n|-l ^(^' - 1. - l|g)Pn+e-, (^; « - Gj, /3 - l|g), (2.2) 

for I < j < r, where Ci = (1, 0, 0, . . . , 0), . . . , ev = (0, . . . , 0, 0, 1) are the standard unit 
vectors. 

Observe that these operations raise one of the indices in the multi-index and lower the 
parameter /? and one of the components of a. 

Proof: First observe that 

Vp [w{x; aj, (3\q)pHix; d, (3\q)] 

( -x a A'^-Q'^x)pft{x;d,(3\q)-p'^^{l-x)pfi{px;d,/3\q) 
= w{x;aj -1,13- l\q) ^— ^ , 

so that 

Vp [w{x] aj, (3\q)pfiix; d, P\q)] = " ^-^ _ ^^^c»j+|n|-i ^(^' " 1' " M(l)Q\n\+i(x), (2.3) 
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where Q\n\+i is a monic polynomial of degree \n\ + 1. We will show that this monic 
polynomial Q|n|+i satisfies the multiple orthogonality conditions (2.1) of p.ft^g^{x\d — 
Cj, j3 — l\q) and hence, since all cij — «j ^ Z whenever i ^ j., the unicity of the multiple 
orthogonal polynomials implies that Q\^\^i{x) = (x; a — ej,(3 — l\q). Integration by 
parts for the g-integral is given by the rule 

£ f{x)V,g{x) = -q £ g{x)VJ{x), if g{p) = 0. (2.4) 

If we apply this, then 

(1 - g)g«.+l»l-i Jo ~ ^' ^ ~ l\q)Q\H\+i(x) dqX 

= -g / w{x; aj, P\q)pfi{x; a, l3\q)VqX^ dgX, 

J 

and since 

1-2*1 ^fc-l 



if A; = 0, 



we find that 



/ x'^w{x] aj — 1, /? — l\q)Q\fi\j^i{x) dqX = 0, A; = 0, 1, ... , rij. 

J 

For the other components ctj {i ^ j) oi a we have 



(1 - g)g".+N^ i ^ ~ lk)<5|n|+i(a;) c^gX 

= - g / w(x;Q;j-,/?|g)p^j(x;a,/?|g)r»gX*^+"*-"^+^(igX, 

JO 



/o 

and since ctj — ctj ^ Z we have 

„fc+ai— «,■+! " ^k+Oi—aj 



^/c+ai-aj+i _ ^ 

^ 1 - g 



hence 



/ x''w{x;ai,(3-l\q)Q\fi\+i{x)dqX^0, /c = 0, 1, . . . , - 1. 

t/ 

Hence all the orthogonality conditions for pn+cj (^; ~ , /3 — 1 1 g) are indeed satisfied. □ 
As a consequence we find a Rodrigues formula: 
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Theorem 2.2 The multiple little q-Jacobi polynomials of the first kind are given by 

where the product of the difference operators can be taken in any order and 

, ,(^ _ „^l«l«Ej=i(«j-iK+Ei<j<fc<r-'^i"fc 



Proof: If we apply the raising operator for aj recursively rij times, then 

X w{x; aj - rij, p - nj|g)p^+„^.e- (x; a - njCj^p - nj\q). (2.6) 

— * 

Use this expression with rh — and j — 1, then 



P>(a;;ai,/3|g) = (-iy 



(^1 _ g)nig(ai-l)ni 

X w(x;q!i - - ni|g)p„,e-,(x; a - niCi, /3 - ni|g). 



Multiply both sides by w{x; a2, P — ni\q) and divide by w{x; cci — rii, (3 — ni|g), then 

/ oi+/3-ni+l. \ 

^^^^^ I ^ = (-1)"^-^^^ — ^ — 

xw{x;a2,p- ni\q)pniSi{x; d - riiCi, p - ni\q). 

Apply (2.6) with j = 2, then 

p p V ) V ; n _ g^ni+n2g(ai-l)ni+(Q2-l+ni)n2 

X w{x;a2-n2,P -ni - n2\q)pniei+n2S2{x; d - riiCi - 71262, -najg). 
Continuing this way we arrive at 

(pnr^ar^ (^^nr-i-ar-i^nr-i^ar-i^ . . . (^2;m-aipni^ ^/;(x;Q;i,/3|g) 

-w{x; ar — rir, P — \n\\q)pfi{x; a — n, P — \n\\q)- 



(-i)i"in,'=i(?"^+''-"^+^g)n. 



(1 - g)l"lgE^=l('*^~^)''^+El<J<fc<r"^"'= 

Now replace each Oj by aj + nj and /5 by /3 + |n|, then the required expression follows. 
The order in which we took the raising operators is irrelevant. □ 
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Wc can obtain an explicit expression of the multiple little g-Jacobi polynomials of the 
first kind using this Rodrigues formula. Indeed, if we use the g-binomial theorem, then 

Use this in (2.5), together with 

-aj\n a+n+k _ il ^ jQ)n{ci ^ j g)fc -n(fc+a)-n(n-l)/2 fc 

then this gives 



(go;; g)< 



/oo I 



y y ) ■ • • ) y 



. (2.7) 



This explicit expression uses a non-terminating basic hypergeometric scries, except when 
f3 is an integer. Another representation, using only finite sums, can be obtained by using 
the Rodrigues formula (1.8) r times. For r = 2 this gives 

Theorem 2.3 The multiple little q-Jacobi polynomials of the first kind (for r — 2) are 
given by 

Pn,m{x; {ai,a2),p\q) = - 



^ ^ g (g-";g)^(g -"'; ?)ik(g"^+^+'"+"+^ ?)fe(g"^+''+"+^ ?)fe+,(g°i+-+l; g). 



(g"^+'; ?)fc(g"i+'; ?)fc+€(g"i+^+"+^ q)k 



X , — r- (2-8) 



Proof: For r — 2 the Rodrigues formula (2.5) is 



Pn,m{x; {ai,a2),P\q) 



^ jq^'^^X; q)oo ^_a^^n^ai+n-a2'pm^a2+m (q^'i g)c 



{qx;q)oo " " {qP+-+^+H;qU- 

Observe that by the Rodrigues formula (1.8) for the little g-Jacobi polynomials 



{qx; q) 

oo 

P {qP+n+m+l^. 



-l)"(g"^+^+"+"^+';g)m {qx;q)oo 0.2 f \ , 

-X ^Pm{x;a2,P + n\q), 



[1 - q)mqa2m+m'2-m (g/^+n+l^;; 
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and hence 



Now use the exphcit expression (1.9) to find 

^ qynqain+a2m—n+nm+n'^+m^^q—rn—a2. 



Pn,m{x] {ai,a2),P\q) = 



In this expression we recognize 



{qx; q) 

c 

p- 



{qP+-+^x;q\ 



(1 - q)nqain+kn+n^-n (qP+^x; q) 

hence 



Pn,m{x; (ai,a2),/3|g) 



X > ^ — — — — x pn{x;ai + k,p\q]. 

to {q'''+';q)k{q;q)kq'''' ^ '"^'^^ 

If we use the explicit expression (1.9) for the little gr-Jacobi polynomials once more, then 
after some simplifications we finally arrive at (2.8). □ 



2.2 Multiple little q-Jacobi polynomials of the second kind 



Multiple little g-Jacobi polynomials of the second kind Pn{x; Oi, /3\q) are monic polynomials 
of degree \n\ satisfying the orthogonality relations 

f Pfi{x;a,P\q)x''w{x;a,Pj\q)dqX = 0, k = 0,1, ... ,nj - 1, j = 1,2, ... ,r, (2.9) 

t/ 

where a, (5i, . . . , (5^. > —1. Observe that all the measures are orthogonality measures for 
little g-Jacobi polynomials with the same parameter a but with different parameters f3j. 
All the multi-indices will be normal when we impose the condition that j3i — I3j ^ Z 
whenever i ^ j, because then all the measures are absolutely continuous with respect to 
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{qx; q)oow{x; a, 0\q) dqX and the system of functions 

1 X x^^~^ 1 X 



{qP^+^x- qU ' {q^'^'x- g)oo ' ' ' ' ' {q^^+'x; q)^ ' (g^^+^a;; q)^ ' {qf^'^'x; qU ' 



■ ■ ■ ' {qP^+^x- g)oo ' ■ ■ ■ ' {q^^^^x; qU ' (?^^+^^; 9)oo ' ' ' ' ' (9^^+^^; ?)oo 

is a Chcbyshev system^ on [0, 1], so that the vector of measures (/ii, . . . , /i,.) forms an 
AT-system, which imphes that all the multi-indices are normal [11, Theorem 4.3]. 

Again there are r raising operations 

Theorem 2.4 Suppose that a, Pi, . . . , (3r > 0, with Pi — Pj ^ Z when i 7^ j, and put 
p — 1/q, then 



w{x;a,pj\q)pfi{x;a,p\q) 

ga+i3j + \n\ _ 



" (l_g)ga+|n|-i '^(^' a - 1, - l\q)pH+e, {x; a - 1, p - ej\q) , (2.10) 

for 1 < j < r, where ei = (1, 0, 0, . . . , 0), . . . , = (0, . . . , 0, 0, 1) are the standard unit 
vectors. 

Observe that these operations raise one of the indices in the multi-index and lower the 

— * 

parameter a and one of the components of p. 
Proof: Again we see that 



p 



w{x;a,pj\q)pfi{x;a,p\q)\ ^ j^—^^^^j^^w{x]a - I, pj - l\q)Q\n\+i{x), (2.11) 



where Q|rt|+i is a monic polynomial of degree \n\ + 1. We will show that this monic 
polynomial Q\n\+i satisfies the multiple orthogonality conditions (2.9) oi pfij^g.{x;a — 
1, P — ej\q) and hence, since all Pi — Pj ^ It whenever i ^ j, the unicity of the multiple 
orthogonal polynomials implies that Q\fi\+i{x) — pft-\-ej{x; a — 1, P — ej\q). Integration by 
parts gives 

-/ X w{x;a-l,Pj -l\q)Q\fi\+i{x)dgX 

J 

= / w{x; a, Pj\q)pfi{x; a, P\q)VqX^ dgX, 

J 



(1 - g)g"+l"l-i Jo 



so that 



/ x''w{x; a — 1, Pj — l\q)Q^fi\+i{x) dqX = 0, k — 0,1, ... ,nj. 

J 



^ The fact that this system is a Chebyshev system is not obvious but is left as an advanced 
problem for the reader. 
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— * 

For the other components Pi {i ^ j) of /3 we have 



1 _ ) a+\n\-i ^ w{x;a-l,(3i\q)Qifi\+i{x)dgX 



(1 - q)q 



^ ( d-+i . r w{x]a-l,l3j -l\q)Q\fi\+i{x)dqX 



(1 - gf)g"+l»l-i Jo (g^'+^x; g) 



and since /3j — Pj ^ Z we have 



where each is a polynomial of degree exactly 1 and ao(0) = 0. Therefore 

f x''w{x;a - l,Pi\q)Q\ri\+i{x) dqX = 0, k = 0,1, ... ,ni - 1. 

J 

— * 

Hence all the orthogonality conditions for pa+Sj {^]OL — l,P — ej\q) are indeed satisfied. □ 
As a consequence we again find a Rodrigues formula: 

Theorem 2.5 The multiple little q-Jacobi polynomials of the second kind are given by 
where the product of the difference operators can be taken in any order and 



Proof: The proof can be given in a similar way as in the case of little g-Jacobi polynomials 
of the first kind by repeated application of the raising operators. Alternatively one can 
use induction on r. For r = 1 the Rodrigues formula is the same as (1.8). Suppose 
that the Rodrigues formula (2.12) holds for r — 1. Observe that the multiple orthogonal 
polynomials with multi-index (ni, . . . , n^_i) for r — 1 measures (/^i, . . . , Hr-i) coincide with 
the multiple orthogonal polynomials with multi- index (rii, 712, . . . , n^-i, 0) for r measures 
{/ii, . . . , /ir) for any measure fir- Use the Rodrigues formula for r — 1 for the polynomial 

— * 

Pn-nrSri^', a + nr,P + nrer\q) to find 

w{x; a + nr,Pr + nr\q)pn-nrSr{x; a + nr,P + UrCrlq) = C{n - rirCr, a + nr,P) 
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Now apply the raising operation (2.10) for (5r to this expression rir times to find the 
required expression. □ 

In a similar way as for the first kind multiple little g- Jacobi polynomials we can find an ex- 
plicit formula with finite sums using the Rodrigues formula for little gr-Jacobi polynomials 
r times. For r — 2 this gives the following: 

Theorem 2.6 The multiple little q-Jacobi polynomials of the second kind (for r — 2) are 
explicitly given by 

„a(n+m)+n^+m'^+nmf „—m—a. „\ f„—n—a. „\ /„a+l. „\ 



m 



X ; ^ -. (2.13) 



Proof: The Rodrigues formula (2.12) for r = 2 becomes 



(A,/52)k) 



The Rodrigues formula (1.8) for httle g-Jacobi polynomials gives 



{qx- q) 



hence 

{Pi,P2)\q) 



(^1 _ q^m qam+m^ -m+nm (^ql^^'^^X; q) 



■1)^(1 qdrL+rfi +nm—n 



(,x;,)oo ^-'^ (g/^^+«+^x;g)oo'^'"^^'" + ^'^^l^^- 
Now use the explicit expression (1.9) for the little g-Jacobi polynomials to find 

' 1)"'^1 qa(n+m)+n^ +rn? -\-2nm—n ^q—m—n—a. 



Pn,m{x]a, {(3u(52)\q) = 



Im 



X 



/'^a+n+1. p-^ 



2;"(ga;;g)oo ^0 (r+"+^g)fc(5;g)fc " (g^i+'^+^x;g)oo' 
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Again we recognize a little gr-Jacobi polynomial 



,n a+n+k 



(^ql3i+n+l^. g) 



oo 




■Pn{x;a + k,pi\q), 



{q^^+'x- q) 



oo 



and if we use the explicit expression (1.9) for this little g-Jacobi polynomial, then we find 
(2.13) after some simplifications. □ 



The zeros of the multiple little g-Jacobi polynomials (first and second kind) are all real, 
simple and in the interval (0, 1). This is a consequence of the fact that //i, . . . form 
an AT-system [11, first Corollary on p. 141]. For the usual orthogonal polynomials with 
positive orthogonality measure n we know that an interval [c, d] for which the orthogonal- 
ity measure has no mass, i.e., /x([c, d]) = 0, can have at most one zero of each orthogonal 
polynomial p„. In particular this means that each orthogonal polynomial p„ on the expo- 
nential lattice {q'', A; = 0, 1, 2, . . .} can have at most one zero between two points q'''^^ and 
q'' of the lattice. A similar result holds for multiple orthogonal polynomials if we impose 
some conditions on the measures /li. 

Theorem 3.1 Suppose /ii, . . . , /ir are positive measures on [a,b] with infinitely many 
points in their support, which form an AT system, i.e., /ik is absolutely continuous with 
respect to /ii for 2 < k <r with 



1,X, . . . ,X^^ ^ , W2{x) , XW2{x) , . . . , x'^'^ ^W2{x), . . . ,Wr{x),XWr{x), . . . ,x'^'' ^Wr{x) 

are a Chebyshev system on [a, b] for every multi-index n. If [c, d] is an interval such that 
/xi([c, d]) = 0, then each multiple orthogonal polynomial pa has at most one zero in [c,d]. 

Proof: Suppose that is a multiple orthogonal polynomial with two zeros Xi and X2 in 
[c, d\. We can then write it aspft{x) = {x — xi) {x — X2)q\fi\-2{x) , where q\n\-2 is a polynomial 
of degree \n\ — 2. Consider a function A{x) = Z]j=i Aj{x)wj{x), where wi — 1 and each Aj 
is a polynomial of degree mj — 1 < nj — 1, with |m| = \n\ — 1. Since we are dealing with 
a Chebyshev system, there is a unique function A satisfying the interpolation conditions 



3 Zeros 




Wk{x), 



diii{x) 



and 




if y is a zero of q\H\-2, 

1 if y = Xi. 
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Furthermore A has |fi| — 2 zeros in [a,b] and these are the only sign changes on [a,b]. 
Hence 

[ Pfi{x)A{x) dfii{x) = [ {x- xi){x - X2)q\n\-2ix)A{x) dfii{x) 7^ 0, 

Ja J[a,b]\[c,d] 

since the integrand does not change sign on [a,b] \ [c, d\. On the other hand 

rb ^ rb 

/ Pri{x)A{x) dijLi{x) = X] / Pfi{x)Aj{x) diij{x) = 0, 

since every term in the sum vanishes because of the orthogonahty conditions. This con- 
tradiction imphes that pfj can't have two zeros in [c, d\ . □ 

In particular this theorem tells us that the zeros of the multiple little g-Jacobi polynomials 
are always separated by the points q'^ and that between two points q'^^^ and q'^ there can 
be at most one zero of a multiple little g'-Jacobi polynomials. Note that the points q'' 
have one accumulation point at 0, hence as a consequence the zeros of the multiple little 
g-Jacobi polynomials (first and second kind) accumulate at the origin. 



4 Asymptotic behavior 

The asymptotic behavior of little g-Jacobi polynomials was given by Ismail and Wilson 
[7] and an asymptotic expansion was given by Ismail [6]. In this section we give the 
asymptotic behavior of the multiple little g-Jacobi polynomials which extends the result 
of Ismail and Wilson. 

Theorem 4.1 For the multiple little q-Jacobi polynomials of the first kind we have 

^hin^x"+>„,^(l/x;(Q;i,Q;2),/3|g) = ix;q)oo- (4.1) 
The order in which the limits for n and m are taken is irrelevant. 

Proof: If we use (2.8) and reverse the order of summation (i.e., change variables m—k — j 
and n — £ — i), then 



n+m n / r \ o\ \ ^ \^ ' ^Jn\H j 1) 

Pn,m{i/x; {ai,a2),(3\q) = - 



(g"2+i; g)^_,(g"i+i; g)^+„_,_,(g"i+/3+"+i; q\ 



i=0 j=0 W iHlm-j\H iHlm+n-i-j\H iH/m-j 



„m+n-i-j rj.i+j 

X 



g(— J>(g;g)„_,(g;g)„_ 
Now observe that 
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n+m 



therefore we find 



\H iH)n+2m-]\q ) q)2n+m-%-]\'i iHJn+m-j 



{q;q)i{q;q)j' 



If we use Lebesgue's dominated convergence theorem, then we take n, m ^ 00 in each 
term of the sum. The factor g"-' tends to zero whenever j > 0, hence the only contributions 
come from j = 0, and we find 



00 



hm x"+>„,^(l/a;; (ai, 02), = II 9^ . x 

The right hand side is the g-exponential function 

Eq{-x) = {x,q)oo, 
[5, (II. 2) in Appendix II], which gives the required result. □ 

Theorem 4.2 For the multiple little q-Jacobi polynomials of the second kind we have 

hm x"+>„,^(l/x;«,(/?i,/32)|g) = (x;g)oo. (4.2) 
The order in which the limits for n and m are taken is irrelevant. 

Proof: The proof is similar to the case of the first kind multiple little g- Jacobi polynomials, 
except that now we use the expression (2.13). □ 

As a consequence (using Hurwitz' theorem) we see that every zero of {l/x\ q)oD, i-e., each 
number q^, k = 0,1,2, .. ., is an accumulation point of zeros of the multiple little g-Jacobi 
polynomial Pn m of the first and of the second kind. 
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